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Comment on ‘‘Exact solution of a one-dimensional continuum percolation model’’
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In a recent article@Phys. Rev. E55, 3878~1997!#, Drory obtains the exact pair-connectedness function of a
one-dimensional hard-rod fluid by using a mapping between continuum percolation and a Potts fluid. The
purpose of this Comment is to note that the main formula in that paper was already reported some years ago
by Vericat, Gianotti, and Rodrı´guez@J. Phys. A20, 6155~1987!#. They calculated it by a direct diagrammatic
analysis of the expression for the pair-correlation function in the canonical ensemble. According to Drory, it
appears that in order to discuss continuum percolation in general models there is at the moment no method
more powerful than the Potts fluid mapping. However, our calculation seems to show that to achieve the
pair-connectedness function for the one-dimensional model under consideration~as well for extensions that
include short-range tails! the mapping method should overcome difficulties of a nature similar to those found
by standard statistical-mechanics techniques for one-dimensional liquids.@S1063-651X~97!08411-0#

PACS number~s!: 64.60.Ak, 61.20.Gy
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Very recently, Drory considered the exact solution o
one-dimensional continuum percolation model@1#. The sys-
tem is an ensemble ofN11 hard rods of lengths on a
closed ring of circumferenceL. To study clustering and per
colation he takes as a criterion that two such particles
directly connected if they are closer than a connectivity d
tanced.s. Two particles of the system belong to the sam
cluster if they are either directly connected or indirectly co
nected through a path of directly connected intermediary p
ticles.

For this model he calculates, in the thermodynamic lim
~N,L→` and N/L5r<1/s!, the pair-connectedness fun
tion by using an interesting, previously described mapp
between the percolation problem and a Potts fluid@2#. He
also evaluates the mean cluster size in two differ
ways: ~i! by directly using the analogy with the Potts flu
susceptibility and~ii ! by integrating the analytical expressio
he found for the pair-connectedness function.

Therefore, a central object in Drory’s paper@1# is the
pair-connectedness function r†(x1 ,x2)5r2g†(x1 ,x2),
which is the density probability of finding two particles
differential elementsdx1 and dx2 around the positionsx1

andx2 , respectively. Because of the periodic conditions, i
plicit in the ring geometry, the system is translationally i
variant so thatg†(x1 ,x2)5g†(r ), with r 5ux22x1u. The
closed analytical expression he obtains forg†(r ) †Eqs.~3.25!
and ~4.2! of @1#‡ is
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@r 2ks2 j ~d2s!#k21

~k21!!
Q„r 2ks2 j ~d2s!…

3expF2
r~r 2ks!

12rs G ,
whereQ(z) is the Heaviside step function.~Note the minus
sign beforej in the argument ofQ instead of the plus sign
that appears in@1#.!

Here we wish to note that ten years ago two of us repor
in Ref. @3# the same formula@Eq. ~1!# for the pair-
connectedness function of a hard-rod fluid. The model a
the connectivity criterion considered in@3# were basically the
same ones as those used in@1#. The only difference is that
the hard rods in@3# were constrained to move on a lin
segment@0,L#, not on a ring as in@1#. The consequence i
that points 0 andL act as the container walls for the ha
rods and the translational invariance near the walls is
principle, lost.

To evaluate the pair-connectedness function in@3# we
started from its canonical definition. ForN hard rods we
have

r~x1 ,x2!5
N!

~N22!!

1

Z~L,N!
E •••E dx3•••dxN

3)
i , j

N

exp@2v~xi ,xj !/kBT#, ~2!

with Z(L,N) the configurational integral andv(xi ,xj ) the
pair potential for hard rods. Following the standard a
proaches @4,5#, the Boltzmann factors e(xi ,xj )5
exp@2v(xi ,xj)/kBT# are split up into connectivity„e†(xi ,xj )
5exp@2v†(xi ,xj)/kBT#… and blocking „e* (xi ,xj )5
exp@2v* (xi ,xj)/kBT#… partse5e†1e* , so that also the pair-
connectedness function separates into a similar fo
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56 6207COMMENTS
r(x1 ,x2)5r†(x1 ,x2)1r* (x1 ,x2). The effective pair poten-
tial v† (v* ) between bound~unbound! particles equalsv for
interparticle distances shorter~longer! thand and is infinity
otherwise.

In order to calculater†(x1 ,x2) we replacee→e†1e* in
Eq. ~2! and expand the right-hand side as a sum of all te
that are possible arrangements of the factorse† and e*
evaluated between theN(N21)/2 pairs of particles. Then
r†(x1 ,x2) is built by selecting among all these summan
those that have at least one path ofe† bonds between par
ticles at positionsx1 and x2 . For hard rods, a simple dia
grammatic analysis shows that particles 1 and 2, withx1
,x2 , belong to the same cluster if, independently of wh
happens in the external intervals@0,x1# and @x2 ,L#, all the
particles inside the interval@x1 ,x2# form a chain of
e†-bonded nearest neighbors. This is equivalent to the
torization occurring in@1#. We must remark here that th
condition s,d,2s that we imposed in@3# is completely
unnecessary and the result is valid for anyd.s.

Thus, in @3# we obtained an expression for the pa
connectedness function valid ford.s, N and L being, in
principle, arbitrary. However, due to the mentioned lack
translational invariance in our system, we can take the th
modynamic limit only for densitiesr,1/2s @3#. These den-
sities are compatible with the existence of a region of tra
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lational invariance in the system. Thus the formula we fou
in @3# is valid just forr,1/2s when we consider a containe
with impenetrable walls, but it is also valid for any densi
0,r<1/s whenever the translational symmetry is ensur
Accordingly, calculations in@1# and @3# give the same con-
nectedness formula for the ring geometry.

A comparison between calculations in@1# and @3# seems
to show that the difficulties of the two methods to obtain t
pair-connectedness function for the one-dimensional ha
rod model are of a similar nature. What makes the mo
exactly solvable in both approaches is that the pa
connectedness function can be written as convolution in
grals†see, for example, Eq.~3.3! of @1#‡. This is possible for
arbitrary d because of the particular form of the hard-ro
potential that is trivially of the nearest-neighbor type and
treatment similar to those of Takahashi@6# or Salsburg,
Zwanzig, and Kirkwood@7# is enough. Things become com
plicated if one wishes to consider an additional tail in t
potential. In this case the existence of an exact solution
some particular tail forms would still be possible~by both
ways!, but at the cost of restricting the connectivity distan
to a limited region~i.e., s,d,2s!.

Support of this work by CONICET, CICPBA, and UNLP
of Argentina is very much appreciated.
m.
@1# A. Drory, Phys. Rev. E55, 3878~1997!.
@2# A. Drory, Phys. Rev. E54, 5992~1996!; 54, 6003~1996!.
@3# F. Vericat, R. D. Gianotti, and A. E. Rodrı´guez, J. Phys. A20,

6155 ~1987!.
@4# T. L. Hill, J. Chem. Phys.23, 617 ~1955!.
@5# A. Coniglio, U. De Angelis, and A. Forlani, J. Phys. A10,
1123 ~1977!.

@6# H. Takahashi, Proc. Phys. Math. Soc. Jpn.24, 60 ~1942!.
@7# Z. W. Salsburg, R. W. Zwanzig, and J. G. Kirkwood, J. Che

Phys.21, 1098~1953!.


